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The fully developed mixed convection ﬂow in a vertical channel ﬁlled with nanoﬂuids in the presence of
a uniform transverse magnetic ﬁeld has been studied. Closed form solutions for the ﬂuid temperature,
velocity and induced magnetic ﬁeld are obtained for both the buoyancy-aided and -opposed ﬂows. Three
different water-based nanoﬂuids containing copper, aluminium oxide and titanium dioxide are taken
into consideration. Effects of the pertinent parameters on the nanoﬂuid temperature, velocity, and
induced magnetic ﬁeld as well as the shear stress and the rate of heat transfer at the channel wall are
shown in ﬁgures and tables followed by a quantitative discussion. It is found that the magnetic ﬁeld
tends to enhance the nanoﬂuid velocity in the channel. The induced magnetic ﬁeld vanishes in the cental
region of the channel. The critical Rayleigh number at onset of instability of ﬂow is strongly dependent
on the volume fraction of nanoparticles and the magnetic ﬁeld.
© 2015 Karabuk University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Nanotechnology [1] has been broadly used in several industrial
applications. It aims at manipulating the structure of the matter at
the molecular level with the goal for innovation in virtually every
industry and public endeavour including biological sciences,
physical sciences, electronics cooling, transportation, the environ-
ment and national security. Low thermal conductivity of conven-
tional heat transfer ﬂuids such as water, oil, and ethylene glycol
mixture is a primary limitation in enhancing the performance and
the compactness of many engineering electronic devices. To over-
come this drawback, there is a strong motivation to develop
advanced heat transfer ﬂuids with substantially higher conductiv-
ities to enhance thermal characteristics. Small particles (nano-
particles) stay suspended much longer than larger particles. If
particles settle rapidly (microparticles), more particles need to be
added to replace the settled particles, resulting in extra cost andas), jana261171@yahoo.co.in
ersity.
d hosting by Elsevier B.V. This is adegradation in the heat transfer enhancement. As such an inno-
vative way in improving thermal conductivities of a ﬂuid is to
suspend metallic nanoparticles within it. The resulting mixture
referred to as a nanoﬂuid possesses a substantially larger thermal
conductivity compared to that of traditional ﬂuids. Nanoﬂuids
demonstrate anomalously high thermal conductivity, signiﬁcant
change in properties such as viscosity and speciﬁc heat in com-
parison to the base ﬂuid, features which have attracted many re-
searchers to perform in engineering applications. The popularity of
nanoﬂuids can be gauged from the researches done by scientists for
its frequent applications and can be found in the literature [2e14].
The vertical channel is a frequently encountered conﬁguration
in thermal engineering equipments, for example, collector of solar
energy, cooling devices of electronic and micro-electronic equip-
ments, etc. The inﬂuences of electrically conducting nanoﬂuids,
such as water mixed with a little acid and other ingredients in the
presence of a magnetic ﬁeld on the channel ﬂow and heat transfer
have been reported in literature. Due to its wide applications,
numerous investigations have been done toward the un-
derstandings of fully developed mixed convection ﬂow in a vertical
channel ﬁlled with nanoﬂuids. The case of fully developed mixed
convection between horizontal parallel plates with a linear axial
temperature distribution was solved by Gill and Del Casal [15].n open access article under the CC BY-NC-ND license (http://creativecommons.org/
Fig. 1. Geometry of the problem.
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tion between vertical parallel plates with and without heat sources.
Cebeci et al. [17] performed numerical calculations of developing
laminar mixed convection between vertical parallel plates for both
cases of buoyancy aiding and opposing conditions. Wirtz and
McKinley [18] conducted an experimental study of an opposing
mixed convection between vertical parallel plates with one plate
heated and the other adiabatic. Lavine [19] presented the fully
developed opposing mixed convection between inclined parallel
plates. The natural convection cooling of vertical rectangular
channel in air considering thermal radiation and wall conduction
has been studied by Hall et al. [20]. Al-Nimr and Haddad [21] have
described the fully developed free convection in an open-ended
vertical channel partially ﬁlled with porous material. Greif et al.
[22] have made an analysis on the laminar convection of a radiating
gas in a vertical channel. The effect of wall conductances on the
convective magnetohydrodynamic channel ﬂow has been investi-
gated by Yu and Yang [23]. Gupta and Gupta [24] have studied the
radiation effect on a hydromagnetic convective ﬂow in a vertical
channel. Datta and Jana [25] have studied the effect of wall con-
ductances on a hydromagnetic convection of a radiation gas in a
vertical channel. The combined forced and free convective ﬂow in a
vertical channel with viscous dissipation and isothermal-isoﬂux
boundary conditions have been studied by Barletta [26]. Barletta
et al. [27] have presented a dual mixed convective ﬂow in a vertical
channel. Barletta et al. [28] have described a buoyant MHD ﬂow in a
vertical channel. Maïga et al. [29] have analysed the heat transfer
behaviours of nanoﬂuids in a uniformly heated tube. Maïga et al.
[30] have studied the heat transfer enhancement by using nano-
ﬂuids in forced convection ﬂows. Polidori et al. [31] have presented
the heat transfer modelling of Newtonian nanoﬂuids in laminar
free convection. Hang and Pop [32] have examined the fully
developed mixed convection ﬂow in a vertical channel ﬁlled with
nanoﬂuids. Maghrebi et al. [33] have studied the forced convective
heat transfer of nanoﬂuids in a porous channel. Grosan and Pop [34]
have presented the fully developed mixed convection in a vertical
channel ﬁlled with nanoﬂuid. Sacheti et al. [35] have studied the
transient free convective ﬂow of a nanoﬂuid in a vertical channel.
The mixed convection ﬂow of a nanoﬂuid in a vertical channel has
been presented by Xu et al. [36]. Fakour et al. [37] have described
themixed convection ﬂowof a nanoﬂuid in a vertical channel. Nield
and Kuznetsov [38] have discussed the forced convection in a
channel occupied by a nanoﬂuid. The magnetohydrodynamic ﬂow
in a permeable channel ﬁlled with nanoﬂuid has been investigated
by Sheikholeslami and Ganji [39].
The objective of the present attempt is to study the hydro-
magnetic fully developed mixed convective ﬂow in a vertical
channel ﬁlled with nanoﬂuids in the presence of a uniform trans-
verse magnetic ﬁeld. Both walls of the channel are kept at a tem-
perature which varies linearly with the distance along the channel
walls. In this present study, we extend the work of Hang and Pop
[32] to consider the effect of magnetic ﬁeld on the fully developed
mixed convective ﬂow in a vertical channel ﬁlled with nanoﬂuids.
The magnetic Reynolds number is large enough such that the
induced magnetic ﬁeld can not be neglected. The governing equa-
tions are solved analytically. The effects of the pertinent parameters
on the ﬂuid temperature, velocity and induced magnetic ﬁelds are
investigated and analysed with the help of their graphical repre-
sentations. Mixed convection in ducts and channels has received a
great deal of attention in the literature. The majority of the work
has addressed the regular ﬂuid ﬂows. The present attempt is to
extend the mixed convection heat transfer in nanoﬂuids. This study
ﬁnds applications in materials processing which combines buoy-
ancy force and magnetic ﬁeld simultaneously to modify nanoﬂuid
properties.2. Formulation of the problem and its solutions
Consider the ﬂow of an electrically conducting ﬂuid inside a
vertical channel formed by two parallel plates. The distance be-
tween the channel walls is 2L. The channel walls are assumed
electrically non-conducting. Employ a Cartesian co-ordinates sys-
tem with x-axis vertically upwards along the direction of ﬂow and
y-axis perpendicular to it. The origin of the axes is such that the
channel walls are at positions y¼L and y¼ L as shown in Fig. 1. A
uniform magnetic ﬁeld B0 acts normal to the plates. The ﬂuid is a
water based nanoﬂuid containing three types of nanoparticles Cu,
Al2 O3 and TiO2. It is assumed that the base ﬂuid and the suspended
nanoparticles are in a thermal equilibrium. The thermophysical
properties of nanoﬂuids are given in Table 1. The density is assumed
to be linearly dependent on temperature buoyancy forces in the
equations of motion.
Under the usual Boussinesq approximation, the MHD mixed
convective nanoﬂuid ﬂow governed by the following equations
([32])
vp
vx
þ mnf
d2u
dy2
þ B0
me
dBx
dy
þ ðrbÞnf gðT  TwÞ ¼ 0; (1)
vp
vy
þ Bx
me
dBx
dy
¼ 0; (2)
where u is the ﬂuid velocity along the x-direction, me the magnetic
permeability, mnf the dynamic viscosity of the nanoﬂuid, rnf the
density of the nanoﬂuid which are given by
mnf ¼
mf
ð1 fÞ2:5
; rnf ¼ ð1 fÞrf þ frs; (3)
where f is the solid volume fraction of the nanoparticle (f ¼ 0
correspond to a regular ﬂuid), rf the density of the base ﬂuid, rs the
density of the nanoparticle and mf the viscosity of the base ﬂuid.
The energy and magnetic induction equations are

rcp

nf u
dT
dx
¼ knf
d2T
dy2
; (4)
0 ¼ d
2Bx
dy2
þ snfmeB0
du
dy
; (5)
Table 1
Thermophysical properties of water and nanoparticles (Oztop and Abu-Nada [41]).
Physical properties Water/base ﬂuid Cu (copper) Al2O3 (alumina) TiO2 (titanium oxide)
rðkg=m3Þ 997.1 8933 3970 4250
cpðJ=kgKÞ 4179 385 765 686.2
kðW=mKÞ 0.613 401 40 8.9538
b 105ðK1Þ 21 1.67 0.85 0.90
f 0.0 0.05 0.15 0.2
sðS=mÞ 5:5 106 59:6 106 35 106 2:6 106
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conductivity of the nanoﬂuid, knf the thermal conductivity of the
nanoﬂuid and ðrcpÞnf the heat capacitance of the nanoﬂuid which
are given by

rcp

nf ¼ ð1 fÞðrcpÞf þ f

rcp

s;
ðrbÞnf ¼ ð1 fÞðrbÞf þ fðrbÞs;
snf ¼ sf

1þ 3ðs 1Þfðsþ 2Þ  ðs 1Þf

; s ¼ ss
sf
;
(6)
where sf the electrical conductivity of the base ﬂuid, ss the elec-
trical conductivity of the nanoparticle, ðrcpÞf the heat capacitance
of the base ﬂuid and ðrcpÞs the heat capacitance of the nanoparticle.
It is worth mentioning that the expressions (6) are restricted to
spherical nanoparticles, where it does not account for other shapes
of nanoparticles. The effective thermal conductivity of the nano-
ﬂuid given by Hamilton and Crosser model followed by Kakac and
Pramuanjaroenkij [40], and Oztop and Abu-Nada [41] is given by
knf ¼ kf
2
4ks þ 2kf  2f

kf  ks

ks þ 2kf þ f

kf  ks

3
5; (7)
where kf is the thermal conductivity of the base ﬂuid and ks the
thermal conductivity of the nanoparticle. In Equations (1)e(7), the
subscripts f and s denote the thermophysical properties of the
nanoﬂuid, base ﬂuid and nano-solid particles, respectively.
The boundary conditions are
u ¼ 0; T ¼ Tw; Bx ¼ 0 at y ¼ ±L: (8)
Following Tao [42], we assume that the temperature of the both
walls is Tw ¼ T0 þ Nx where N is the vertical temperature gradient
which is positive for buoyancy-aided ﬂow and negative for
buoyancy-opposed ﬂow, respectively, and T0 is the upstream
reference wall temperature. For the fully developed laminar ﬂow in
the presence of a uniform transverse magnetic ﬁeld, the velocity
and the inducedmagnetic ﬁeld have only a vertical component, and
all of the physical variables except temperature and pressure are
functions of y, y being the horizontal co-ordinate normal to the
channel walls. The temperature inside the ﬂuid can be written as
T ¼ T*ðyÞ þ Nx (9)
Equation (2) gives
pþ 1
2me
B2x ¼ PðxÞ; (10)
On the use of (10), Equations (1) and (4) become
x1nf
d2u
dy2
þ x2gbf

T*  T0
þ x3 B0
merf
dBx
dy
¼ c1; (11)x4

rcp

f Nu ¼ x5kf
d2T*
dy2
; (12)
where
c1 ¼ 
1
rf
dP
dx
; x1 ¼
1
ð1 fÞ2:5
; x2 ¼ 1 fþ f
ðrbÞs
ðrbÞf
;
x3 ¼

1þ 3ðs 1Þfðsþ 2Þ  ðs 1Þf

; s ¼ ss
sf
; x4 ¼ 1 fþ f

rcp

s
rcp

f
;
x5 ¼
2
4ks þ 2kf  2f

kf  ks

ks þ 2kf þ f

kf  ks

3
5:
(13)
The constant c1 depends on the physics of the problem. It may
be determined from either the end conditions of pressure to which
the channel is subjected, or from the mass ﬂow through the
channel.
Introducing the non-dimensional variables
h ¼ y
L
; u1ðhÞ ¼
uL
af c1
; qðhÞ ¼ T
*  T0
NLc1
; bðhÞ ¼ Bx
c1B0
(14)
and on using (9), Equations (5), (11) and (12) become
x1
d2u1
dh2
 x2Raqþ x3
M2
Pm
db
dh
¼ 1; (15)
d2b
dh2
þ x3Pm
du1
dh
¼ 0; (16)
x5
d2q
dh2
þ x4u1 ¼ 0; (17)
whereM2 ¼ sf B20L2=rf nf is the magnetic parameter, Pm ¼ 1=sf meaf
the magnetic Prandtl number and Ra ¼ gbNL4=nf af the Rayleigh
number. It should be mentioned that Ra>0 for buoyancy aiding
ﬂow and Ra<0 for buoyancy opposing ﬂow, respectively.
The magnetic Reynolds number quantiﬁes the ratio of the ﬂuid
ﬂux to the magnetic diffusivity and describes the diffusion of
magnetic ﬁeld along the streamlines. The ordinary Reynolds
number which determines the vorticity diffusion along the
streamlines. For high values of magnetic Reynolds number, the
magnetic ﬁeld moves with the ﬂow and this constitutes the frozen-
in scenario and it is important for induction problems. When the
magnetic Reynolds number is much less than unity, the magnetic
ﬁeld is not distorted by the ﬂow ﬁeld. When the magnetic Reynolds
number is small, the induced magnetic ﬁeld is negligible in com-
parison to the appliedmagnetic ﬁeld. Themagnetic Prandtl number
Pm deﬁnes the ratio between the magnetic Reynolds number and
the ordinary Reynolds number, there by expressing the ratio of the
Fig. 3. Velocity proﬁles for Ra when M2 ¼ 10 and f ¼ 0:1.
Fig. 4. Velocity proﬁles for M2 when f ¼ 0:1.
Fig. 2. Velocity proﬁles for Ra when M2 ¼ 10 and f ¼ 0:1.
S. Das et al. / Engineering Science and Technology, an International Journal 18 (2015) 244e255 247
Fig. 5. Velocity proﬁles for f when M2 ¼ 10.
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than unity in induced magnetohydrodynamics ﬂows, but not
greatly less than unity. It measures the relative magnitude of the
hydrodynamic and magnetic boundary layer thicknesses. For liquid
metals, Pm  105e109, i.e. it has an extremely low value, since
the magnetic diffusivity of such ﬂuid is very high. Pm ¼ 0:72 which
corresponds to the ionized hydrogen. In astrophysical ﬂows, at the
base of the solar convection zone, Pm attains the value 102 (Ghosh
et at. [43]).
The dimensionless boundary conditions are
u1ðhÞ ¼ 0; qðhÞ ¼ 0; bðhÞ ¼ 0 at h ¼ ±1; (18)
Integration of (13) gives
1
Pm
db
dh
þ x3u1 ¼ c2; (19)
where c2 is a constant.
Eliminating u1 and q from (15), (16) and (17) then yieldsFig. 6. Induced magnetic ﬁeld bðhÞ=Pmx1
d4q
dh4
 x23M2
d2q
dh2
þ x2x4
x5
Raq ¼ x4
x5

1þ c2M2x3

(20)
The solution of qðhÞ satisfying the boundary conditions (18) is
easily obtained. Achieving qðhÞ, one can determine u1ðhÞ and bðhÞ
from (15) and (16) using the boundary conditions (18).
Solutions for qðhÞ, u1ðhÞ and bðhÞ subject to the boundary con-
ditions (18) are
qðhÞ ¼ a3

1 a7
coshr1h
coshr1
þ a6
coshr2h
coshr2
	
; (21)
u1ðhÞ ¼ a4

a7r
2
1
coshr1h
coshr1
 a6r22
coshr2h
coshr2
	
; (22)
1
Pm
bðhÞ ¼ x3a1a4h x3a4

a7r1
sinhr1h
coshr1
 a6r2
sinhr2h
coshr2
	
; (23)
wherefor Ra when M2 ¼ 10 and f ¼ 0:1.
Fig. 7. Induced magnetic ﬁeld bðhÞ=Pm for Ra when M2 ¼ 10 and f ¼ 0:1.
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1
2x1

x23M
2 þ


x23M
2
2  4
x5
Rax1x2x4
1=2
;
r22 ¼
1
2x1

x23M
2 


x23M
2
2  4
x5
Rax1x2x4
1=2
;
a1 ¼
r1r2
r22  r21
ðr2tanhr1  r1tanhr2Þ;
a2 ¼ x2x4  x23x5a1M2; a3 ¼
x4
a2
; a4 ¼
x5
a2
;
a5 ¼
r1r2
r22  r21
ðr1tanhr1  r2tanhr2Þ;
a6 ¼
r21
r22  r21
; a7 ¼
r22
r22  r21
(24)
It is worth mentioning that in absence of nanoparticle (4 ¼ 0),
this problem reduces to the problem studied by Gupta and GuptaFig. 8. Induced magnetic ﬁeld bð[24] without thermal radiation effects. Similar problem has been
considered by Hang and Pop [32] in the absence of magnetic ﬁeld.3. Results and discussion
In order to have a clear physical insight of the problem, we have
discussed the effects of different values of magnetic parameter
M2 ¼ 10, solid volume fraction 4 and Rayleigh number Ra on the
ﬂuid velocity, temperature, shear stress and the rate of heat transfer
at the right wall in Al2O3ewater nanoﬂuid. The thermal conduc-
tivity and thermal diffusivity increase faster in the Al2O3ewater
nanoﬂuid than Cu and TiO2ewater nanoﬂuids. The effect of solid
volume fraction is investigated in the range of 0  f  0:2 over a
small temperature range 21+e51+C. The thermal conductivity and
thermal diffusivity enhancement of nanoﬂuids increases as the
nanoparticle size increases. Thermal conductivity and thermal
diffusivity enhancement of Al2O3ewater nanoﬂuid increase as the
volume fraction increases. The volume fraction of aluminium oxide
nanoparticle (11 nm) is 0.225e1.4 for large temperature. ThehÞ=Pm for M2 when f ¼ 0:1.
Fig. 9. Induced magnetic ﬁeld bðhÞ=Pm for f when M2 ¼ 10.
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description of the respected ﬁgures.
3.1. Effects of parameters on velocity proﬁles
Fig. 2 shows that the velocity at any point in the ﬂow region
increases near the channel walls and decreases in the middle of the
channel with an increase in Rayleigh number Ra in Al2O3ewater
nanoﬂuid. The Rayleigh number is viewed as the ratio of buoyancy
forces and the product of thermal and momentum diffusivities for
the case of opposing ﬂow. Increasing value of Rayleigh number
opposes the natural convection and hence the ﬂuid velocity de-
creases in the central region of the channel. The physical explana-
tion is that in the buoyancy-opposing ﬂow, the buoyancy force
plays a negative effect on the ﬂuid motion in the central region of
the channel. Fig. 3 illustrates that the ﬂuid velocity at any point in
the ﬂow region increases for increasing values of Rayleigh number
Ra for the case of aiding ﬂow. An increase at Ra in positive direction
results in increasing the ﬂuid velocity due to addition of buoyancy-
induced ﬂow onto the external forced convection ﬂow. An increaseFig. 10. Temperature proﬁles for Ra whenat Ra in negative direction results in decreasing velocities due to
retarding effect of downward buoyancy-induced ﬂow onto the
upward external forced convection ﬂow. It is seen from Fig. 4 that
the ﬂuid velocity u1 accelerates for increasing values of magnetic
parameter M2 for both cases of aiding and opposing ﬂows. When
themagnetic ﬁeld is applied normal to the channel, ponderomotive
force acts in the upward direction to boost the ﬂow and enhances
the ﬂuid velocity. This increase in velocity in its turn tends to pull
the magnetic lines of force thereby the velocity proﬁle becomes
progressively ﬂatter towards the channel centre as magnetic
parameter M2 enlarges. Fig. 5 depicts the effect of volume fraction
parameter f on the ﬂuid velocity. For both cases of aiding and
opposing ﬂows, the ﬂuid velocity u1 increases as f evolves. The
velocity proﬁles are symmetric about the channel centre.
3.2. Effects of parameters on induced magnetic ﬁeld
It is evident from Fig. 6 that since buoyancy force accelerates the
induced magnetic ﬁeld, the magnetic lines of force is shifted to-
wards the channel walls while passing through the central regionM2 ¼ 30 for buoyancy-opposing ﬂow.
Fig. 11. Temperature proﬁles for Ra when M2 ¼ 30 for buoyancy-aiding ﬂow.
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Ra for the case of opposing ﬂow in Al2O3ewater nanoﬂuid. Figs. 8
and 9 reveal that the induced magnetic ﬁeld increases in magni-
tude near the channel walls with increase in either M2 or f for a
ﬁxed value of Ra for both cases of aiding and opposing ﬂows. The
induced magnetic ﬁeld b is negative in the region 1  h<0 and
positive 0< h  1 for all values of f ¼ 0:1 and f. The induced
magnetic ﬁeld b vanishes in the central region of the channel, i.e.
magnetic ﬂux induction does not occur at the channel centre
ðh ¼ 0Þ and it is very small in the vicinity of the centreline of the
channel. It is noted that there is a reﬂective symmetry apparent for
the proﬁles of induced magnetic ﬁeld about the central line as
shown in Figs. 6e9.
3.3. Effects of parameters on temperature proﬁles
Fig. 10 reveals that the ﬂuid temperature qðhÞ decreases for
increasing values of Rayleigh number Ra for the case of opposing
ﬂow in Al2O3ewater nanoﬂuid. The ﬂuid temperature qðhÞFig. 12. Temperature proﬁleincreases with an increase in Rayleigh number Ra for the case of
aiding ﬂow as shown in Fig. 11. It is found from Fig. 12 that the ﬂuid
temperature qðhÞ increases with an increase inM2 for both cases of
buoyancy aiding and opposing ﬂows. As explained above, the
introduction of transverse magnetic ﬁled to an electrically con-
ducting ﬂuid gives rise to a resistive force known as the Lorentz
force. This force makes the ﬂuid experience a resistance by
increasing the friction between its layers and thereby increases the
ﬂuid temperature within the channel. It is important to notice that
large resistances on the ﬂuid particles, which cause heat to be
generated in the ﬂuid, as the transverse applied magnetic ﬁeld
increases. Fig. 13 depicts that the ﬂuid temperature qðhÞ increases
with an increase in volume fraction parameter f for both cases of
aiding and opposing ﬂows. It is seen from Figs. 14 and 15 that the
centreline ﬂuid temperature qð0Þ enhances asM2 ¼ 30 enlarges for
both cases of aiding and opposing ﬂows. The volume fraction
parameter f is found to be of signiﬁcance in this problem, which
has non-negligible effects on the improvement of the heat char-
acteristics of the ﬂuids.s for M2 when f ¼ 0:1.
Fig. 13. Temperature proﬁles for f when M2 ¼ 30.
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The parameters of engineering interest in heat transfer prob-
lems are the shear stress and the rate of heat transfer at the channel
walls. These parameters characterize the surface drag and heat
transfer rate. The non-dimensional shear stress and the rate of heat
transfer at the right wall ðh ¼ 1Þ of the channel are respectively,
given by
du1
dh
	
h¼1
¼ a5a4r1r2; (25)
dq
dh
	
h¼1
¼ a1a4; (26)
where a1, a4, r1 and r2 are given by (24).Fig. 14. Centreline temperature for f whenThe numerical values of the rate of heat transfer dqdh
	
h¼1
and the
shear stress du1dh
	
h¼1
at the right wall h ¼ 1 are entered in Tables 2
and 3 for three different types of nanoparticles and nanoparticle
volume fraction parameter f when M2 ¼ 10. It is noted that the
shear stress is a decreasing function of f for Cuewater, Al2O3e-
water and TiO2ewater nanoﬂuids. Moreover, the shear stress is
higher in the Cuewater nanoﬂuid compared to the Al2O3ewater
and TiO2ewater nanoﬂuids. Thus, the Cuewater nanoﬂuid gives a
higher drag force in opposition to the ﬂow as compared to the
Al2O3ewater and TiO2ewater nanoﬂuids. It is also seen from
Tables 2 and 3 that the rate of heat transfer reduces due to the
increasing the nanoparticle volume fraction parameter f for three
different types of water based nanoﬂuids. In addition to this, the
rate of heat transfer q0 ð0Þ is higher in Cu-water nanoﬂuid than in
Al2O3 and TiO2ewater nanoﬂuids. Also, it is noted that the rate of
heat transfer and the shear stress at the left wall ðh ¼ 1Þ are sameM2 ¼ 10 for buoyancy-opposing ﬂow.
Fig. 15. Centreline temperature for f when M2 ¼ 10 for buoyancy-aiding ﬂow.
S. Das et al. / Engineering Science and Technology, an International Journal 18 (2015) 244e255 253in magnitude at the right wall ðh ¼ 1Þ, i.e. the reverse effects on the
left wall of the channel.
3.5. Effects of parameters on ﬂow rate
The non-dimensional ﬂow rate is given by
W ¼
Z1
1
u1ðhÞdh ¼ 2a1a4; (27)
where a1 and a4 are given by (24).
The non-dimensional ﬂow rate W has been plotted against Ra
for several values of M2 and f in Figs. 16 and 17 in Al2O3ewater
nanoﬂuid. It is observed from Figs. 16 and 17 that for ﬁxed values of
Ra, the ﬂow rateW increases with an increase in eitherM2 and f for
both cases of buoyancy-opposing and buoyancy-aiding ﬂows. The
ﬂow rate W enhances when Ra increases for the buoyancy-aiding
ﬂow.
3.6. The critical Rayleigh number
Examination of the solutions (21)e(23) reveals that there are
critical values of Ra at which the ﬂuid temperature qðhÞ, velocity
u1ðhÞ and induced magnetic ﬁeld bðhÞ become inﬁnite. This is a
result of the emergence of instability. The critical Rayleigh number
at the onset of instability is given byTable 2
Shear stress and rate of heat transfer at the right wall ðh ¼ 1Þ for the buoyancy-
aiding ﬂow (Ra ¼ 20).
f Cu-water Al2O3ewater TiO2ewater
du1
dh
	
h ¼1
dq
dh
	
h ¼1
du1
dh
	
h ¼1
dq
dh
	
h ¼1
du1
dh
	
h¼1
dq
dh
	
h¼1
0.00 0.50595 0.11322 0.50224 0.11315 0.48947 0.11290
0.05 0.31846 0.08269 0.31152 0.08259 0.30664 0.08252
0.10 0.20409 0.06155 0.19661 0.06147 0.19520 0.06145
0.15 0.13215 0.04638 0.12525 0.04633 0.12534 0.04633
0.20 0.08595 0.03523 0.08007 0.03519 0.08072 0.03519Rac ¼ 14$
x43M
4
x1x2x4
; (28)
where a1 and a4 are given by (24). The critical Rayleigh number at
which the ﬂuid becomes unstable is strongly dependent on the
nanoparticle volume fraction parameter f and the magnetic
parameter M2.
The numerical values of the critical Rayleigh number Rac are
entered in Table 4 for three different types of nanoparticles, mag-
netic parameter M2 and nanoparticle volume fraction parameter f.
It is seen from Table 4 that the critical Rayleigh number not only
increases with increase in magnetic parameter M2 but also in-
creases with increase in the volume fraction parameter f. Thus the
magnetic ﬁeld and volume fraction parameter exert a stabilizing
inﬂuence on the ﬂow ﬁeld.4. Conclusion
The magnetohydrodynamic fully developed mixed convection
ﬂow in a vertical channel has been studied. The effects of the
pertinent parameters on the nanoﬂuid temperature, velocity and
induced magnetic ﬁelds are investigated and analysed with the
help of their graphical representations. From the results the
following conclusions could be drawn:Table 3
Shear stress and rate of heat transfer at the right wall ðh ¼ 1Þ for the buoyancy-
opposing ﬂow (Ra ¼ 20).
f Cu-water Al2O3ewater TiO2ewater
du1
dh
	
h ¼1
dq
dh
	
h ¼1
du1
dh
	
h ¼1
dq
dh
	
h ¼1
du1
dh
	
h ¼1
dq
dh
	
h ¼1
0.00 0.51685 0.11566 0.51292 0.11555 0.49944 0.11520
0.05 0.32226 0.08368 0.31510 0.08354 0.31007 0.08345
0.10 0.20547 0.06197 0.19785 0.06186 0.19642 0.06184
0.15 0.13266 0.04656 0.12569 0.04649 0.12578 0.04649
0.20 0.08615 0.03531 0.08023 0.03526 0.08088 0.03526
Fig. 16. Flow rate for M2 and f for buoyancy-opposing ﬂow.
Fig. 17. Flow rate for M2 and f for buoyancy-aiding ﬂow.
Table 4
The critical Rayleigh number (singular point) Rac .
M2 f Cu-water Al2O3ewater TiO2ewater
Rac Rac Rac
10 0.10 84.87 91.21 92.48
12 122.21 131.34 133.17
14 166.34 178.77 181.27
16 217.26 233.50 236.76
18 274.97 295.52 299.64
10 0.00 25.04 25.38 26.60
0.05 46.89 48.89 50.37
0.10 84.87 91.21 92.48
0.15 149.54 166.05 165.84
0.20 258.10 296.82 292.09
S. Das et al. / Engineering Science and Technology, an International Journal 18 (2015) 244e255254 The ﬂuid velocity and temperature enhance due to magnetic
ﬁeld.
 The induced magnetic ﬁeld vanishes in the central region of the
channel.
 Both the ﬂuid velocity and temperature increase with an in-
crease in volume fraction parameter.
 The volume fraction parameter causes to decrease the rate of
heat transfer.
 The rate of ﬂow increases with an increase in Rayleigh number.
 The critical Rayleigh number is strongly dependent on the
nanoparticle volume fraction parameter and the magnetic
parameter.
S. Das et al. / Engineering Science and Technology, an International Journal 18 (2015) 244e255 255References
[1] S.U.S. Choi, ASME FED 231/MD, Enhancing Thermal Conductivity of Fluids
with Nanoparticles, Developments and Applications of Non-Newtonian Flows,
vol. 66, 1995, pp. 99e105.
[2] X. Wang, X. Xu, S.U.S. Choi, Thermal conductivity of nanoparticle ﬂuid
mixture, J. Thermophys. Heat Transfer 13 (1999) 474e480.
[3] S.U.S. Choi, Z.G. Zhang, W. Yu, F.E. Lockwood, E.A. Grulke, Anomalously
thermal conductivity enhancement in nanotube suspensions, Appl. Phys. Lett.
79 (2001) 2252e2254.
[4] P. Kiblinski, S.R. Phillpot, S.U.S. Choi, J.A. Eastman, Mechanism of heat ﬂow is
suspensions of nano-sized particles (nanoﬂuids), Int. J. Heat Mass Tranfer 42
(2002) 855e863.
[5] J.Y.T. Kang Ki, C.K. Choi, Analysis of convective instability and heat transfer
characteristics of nanoﬂuids, Phys. Fluids 16 (2004) 2395e2401.
[6] J. Buongiorno, Convective transport in nanoﬂuids, ASME J. Heat Transfer 128
(2006) 240e250.
[7] S.P. Jang, S.U.S. Choi, Effects of various parameters on nanoﬂuid thermal
conductivity, ASME J. Heat Transfer 129 (2007) 617e623.
[8] S.K. Das, S.U. Choi, W. Yu, T. Pradeep, Nanoﬂuids: Science and Technology,
Wiley, New Jersey, 2007.
[9] W. Daungthongsuk, S. Wongwises, A critical review of convective heat
transfer nanoﬂuids, Renew. Sustain. Energy Rev. 11 (2007) 797e817.
[10] V. Trisaksri, S. Wongwises, Critical review of heat transfer characteristics of
nanoﬂuids, Renew. Sustain. Energy Rev. 11 (2007) 512e523.
[11] S.M. Seyyedi, H. Bararnia, D.D. Ganji, M. Gorji-Bandpy, S. Soleimani, Numerical
investigation of the effect of a splitter plate on forced convection in a two
dimensional channel with an inclined square cylinder, Int. J. Therm. Sci. 61 (0)
(2012) 1e14.
[12] M. Sheikholeslami, M. Gorji-Bandpy, D.D. Ganji, S. Soleimani, S.M. Seyyedi,
Natural convection of nanoﬂuids in an enclosure between a circular and a
sinusoidal cylinder in the presence of magnetic ﬁeld, Int. Commun. Heat Mass
Transfer 39 (9) (2012) 1435e1443.
[13] M. Sheikholeslami, M. Hatami, D.D. Ganji, Analytical investigation of MHD
nanoﬂuid ﬂow in a semi-porous channel, Powder Technol. 246 (0) (2013)
327e336.
[14] S. Soleimani, M. Sheikholeslami, D.D. Ganji, M. Gorji- Bandpay, Natural con-
vection heat transfer in a nanoﬂuid ﬁlled semi-annulus enclosure, Int. Com-
mun. Heat Mass Transfer 39 (4) (2012) 565e574.
[15] W.N. Gill, E. Del Casal, A theoretical investigation of natural convection effects
in forced horizontal ﬂows, AIChE J. 8 (1962) 513e518.
[16] S. Ostrach, Combined Natural- and Forced-convection Laminar Flow and Heat
Transfer of Fluid With and Without Heat Sources in Channels With Linearly
Varying Wall Temperatures, NACA TN 3141, 1954.
[17] T. Cebeci, A.A. Khattab, R. LaMont, Combined natural and forced convection in
vertical ducts, in: Proc. 7th Int. Heat Transfer Conf., vol. 3, 1982, pp. 419e424.
[18] R.A. Wirtz, P. McKinley, Buoyancy effects on downwards laminar convection
between parallel plates. Fundamentals of forced and mixed convection, ASME
HTD 42 (1985) 105e112.
[19] A.S. Lavine, Analysis of fully developed opposing mixed convection between
inclined parallel plates, Wﬁrmeund Stoffﬁbertragung 23 (1988) 249e257.
[20] D. Hall, G.C. Vliet, T.L. Bergman, Natural convection cooling of vertical rect-
angular channels in air considering radiation and wall conduction, J. Electron.
Packag. 121 (1999) 75e84.
[21] M.A. Al-Nimr, O.H. Haddad, Fully developed free convection in open-ended
vertical channels partially ﬁlled with porous material, J. Porous Media 2
(1999) 179e189.[22] R. Greif, I.S. Habib, J.C. Lin, Laminar convection of a radiating gas in a vertical
channel, J. Fluid Mech. 46 (1971) 513.
[23] C.P. Yu, K.K. Yang, Effect of wall conductances on convective magnetohydro-
dynamic channel ﬂow, Appl. Sci. Res. 20 (1969) 16e23.
[24] P.S. Gupta, A.S. Gupta, Radiation effect on hydromagnetic convection in a
vertical channel, Int. J. Heat Mass Transfer 17 (1973) 1437e1442.
[25] N. Datta, R.N. Jana, Effect of wall conductances on hydromagnetic convection
of a radiation gas in a vertical channel, Int. J. Heat Mass Transfer 19 (1974)
1015e1019.
[26] A. Barletta, Analysis of combined forced and free ﬂow in a vertical channel
with viscous dissipation and isothermal-isoﬂux boundary conditions, ASME J.
Heat Transfer 121 (1999) 349e356.
[27] A. Barletta, E. Magyari, B. Keller, Dual mixed convection ﬂows in a vertical
channel, Int. J. Heat and Mass Transfer 48 (2005) 4835e4845.
[28] A. Barletta, M. Celli, E. Magyari, E. Zanchini, Buoyant MHD ﬂows in a vertical
channel: the levitation regime, Heat and Mass Transfer 44 (2007) 1005e1013.
[29] S.E.B. Maïga, C.T. Nguyen, N. Galanis, G. Roy, Heat transfer behaviours of
nanoﬂuids in a uniformly heated tube, Superlatt. Microstruct. 35 (2004)
543e557.
[30] S.E.B. Maïga, S.J. Palm, C.T. Nguyen, G. Roy, N. Galanis, Heat transfer
enhancement by using nanoﬂuids in forced convection ﬂows, Int. J. Heat and
Fluid Flow 26 (2005) 530e546.
[31] G. Polidori, S. Fohanno, C.T. Nguyen, A note on heat transfer modelling of
Newtonian nanoﬂuids in laminar free convection, Int. J. Therm. Sci. 46 (2007)
739e744.
[32] Xu Hang, I. Pop, Fully developed mixed convection ﬂow in a vertical channel
ﬁlled with nanoﬂuids, Int. Commun. Heat Mass Transfer 39 (2012)
1086e1092.
[33] M.J. Maghrebi, M. Nazari, T. Armaghansi, Forced convection heat transfer of
nanoﬂuids in a porous channel, Transp. Porous Media 93 (2012) 401e413.
[34] T. Grosan, I. Pop, Fully developed mixed convection in a vertical channel ﬁlled
by a nanoﬂuid, J. Heat Transfer 134 (8) (2012) 082501.
[35] N.C. Sacheti, P. Chandran, A.K. Singh, B.S. Bhadauria, Transient free convective
ﬂow of a nanoﬂuid in a vertical channel, Int. J. Energy Technol. 4 (2012) 1e7.
[36] H. Xu, T. Fan, I. Pop, Analysis of mixed convection ﬂow of a nanoﬂuid in a
vertical channel with the Buongiorno mathematical model, Int. Commun.
Heat Mass Transfer 44 (2013) 15e22.
[37] M. Fakour, A. Vahabzadeh, D.D. Ganji, Scrutiny of mixed convection ﬂow of a
nanoﬂuid in a vertical channel, Case Stud. Therm. Eng. 4 (2014) 15e23.
[38] D.A. Nield, A.V. Kuznetsov, Forced convection in a parallel -plate channel
occupied by a nanoﬂuid or a porous medium saturated by a nanoﬂuid, Int. J.
Heat Mass Transfer 70 (2014) 430e433.
[39] M. Sheikholeslami, D.D. Ganji, Magnetohydrodynamic ﬂow in a permeable
channel ﬁlled with nanoﬂuid, Sci. Iran. B 21 (1) (2014) 203e212.
[40] S. Kakac, A. Pramuanjaroenkij, Review of convective heat transfer enhance-
ment with nanoﬂuids, Int. J. Heat Mass Transfer 52 (2009) 3187e3196.
[41] H.F. Oztop, E. Abu-Nada, Numerical study of natural convection in partially
heated rectangular enclosures ﬁlled with nanoﬂuids, Int. J. Heat Fluid Flow 29
(2009) 1326e1336.
[42] L.N. Tao, On combined free and forced convection in channels, ASME J. Heat
Transfer 82 (1960) 233e238.
[43] S.K. Ghosh, O.A. Beg, J. Zueco, V.R. Prasad, Transient hydromagnetic ﬂow in a
rotating channel permeated by an inclined magnetic ﬁeld with magnetic in-
duction and Maxwell displacement current effects, Z. Angew. Math. Phys. 61
(2010) 147e169.
